The dynamics of evaporative cooling of magnetically trapped 87 Rb atoms is studied on the basis of the quantum kinetic theory of a Bose gas. We carried out the quantitative calculations of the time evolution of conventional evaporative cooling where the frequency of the radio-frequency magnetic field is swept exponentially. This ''exponential-sweep cooling'' is known to become inefficient at the final stage of the cooling process due to a serious three-body recombination loss. We precisely examine how the growth of a BoseEinstein condensate depends on the experimental parameters of evaporative cooling, such as the initial number of trapped atoms, the initial temperature, and the bias field of a magnetic trap. It is shown that three-body recombination drastically depletes the trapped 87 Rb atoms as the system approaches the quantum degenerate region and the number of condensed atoms finally becomes insensitive to these experimental parameters. This result indicates that the final number of condensed atoms is well stabilized by a large nonlinear three-body loss against the fluctuations of experimental conditions in evaporative cooling.
I. INTRODUCTION
Evaporative cooling is the key experimental technique in recent successful demonstrations of Bose-Einstein condensation ͑BEC͒ with trapped neutral atoms ͓1-5͔. The cooling mechanism is understood to be that evaporation caused by atomic collisions selectively removes the energetic atoms and collisional rethermalization simultaneously lowers the temperature of atoms remaining in a trap ͓6,7͔. The utilization of interatomic elastic collisions makes evaporative cooling highly efficient. Ultra-low temperatures of the order of submicrokelvins have been achieved in BEC experiments by applying evaporative cooling to laser-cooled atoms. However, in the case of real atoms, other undesirable collisions occur, such as elastic collisions with background gas and inelastic collisions due to dipolar relaxation and three-body recombination ͓6,7͔. These collisions result in the loss of trapped atoms and seriously reduce the effectiveness of evaporative cooling. The efficiency of evaporative cooling is therefore determined by the competition between evaporation and the loss due to the undesirable collisions.
Several theoretical analyses based on a classical gas model have addressed the complicated dynamics of evaporative cooling ͓6-17͔. The results have been applied to the optimization of experimental conditions ͓15,17͔ and have provided useful guidelines for reaching the BEC transition point experimentally. However, the classical theories fail in the quantum degenerate region at low temperatures. Bose statistics of atoms strongly modifies the dynamics of evaporative cooling there: interatomic elastic collisions are enhanced by the stimulated scattering process, and the event rates of inelastic collisions due to dipolar relaxation and three-body recombination are reduced by the coherence of identical condensed atoms ͓18 -20͔. Recent theoretical works ͓21-26͔ have proved that the quantum kinetic theory taking into account the bosonic nature of atoms is a powerful tool to gain a comprehensive understanding of evaporative cooling in BEC experiments.
In our previous paper ͓27͔, we studied the optimization of evaporative cooling in a magnetically trapped 87 Rb system on the basis of the quantum kinetic theory. We demonstrated that the acceleration of evaporative cooling around the BEC transition point is very effective against the loss of trapped atoms due to three-body recombination. The number of condensed atoms is largely enhanced by simply optimizing a sweeping function of the frequency of radio-frequency ͑rf͒ magnetic field. On the other hand, this optimized cooling is determined for a fixed certain experimental condition and its cooling trajectory is sensitive to the experimental parameters of evaporative cooling, such as the initial number of trapped atoms and the initial temperature. The optimized evaporative cooling therefore might show the fluctuations of the final number of condensed atoms due to some variations of these experimental parameters inherent in the real experiments. In current BEC experiments, the number of condensed atoms is usually measured by the destructive time-of-flight method. The stable production of condensates with small numberfluctuations is thought to be another essential property of evaporative cooling.
In this paper, we quantitatively analyze the dynamics of the conventional evaporative cooling where rf-frequency is swept exponentially. This ''exponential-sweep cooling'' is known to become inefficient at the last stage of the cooling process due to three-body recombination loss. We precisely examine the dependence of condensate growth on the experimental parameters, such as the initial number of trapped atoms, the initial temperature, and the bias field of magnetic trap. We demonstrate that three-body loss drastically depletes the trapped 87 Rb atoms around the BEC transition point and that the number of condensed atoms finally becomes insensitive to these experimental parameters. The final number of condensed atoms is well stabilized by a large nonlinear three-body loss against the fluctuations of experimental conditions.
II. QUANTUM KINETIC THEORY OF EVAPORATIVE COOLING
In this section, we briefly mention our theoretical framework ͑See Ref. ͓24͔͒. During evaporative cooling, the magnetic trapping potential U(r) is truncated at the energy, which is determined by the frequency of the applied rfmagnetic field. The thermalized distribution of the noncondensed atoms in such a truncated potential is well described by the truncated Bose-Einstein distribution function such that f͑r,p ͒ϭ 1
where ⑀ p ϭp 2 /2m is the kinetic energy of atoms with momentum p and mass m, T is the temperature, and ⌰(x) is the step function. We add tilde to the notations of the quantities obtained through this truncated distribution function. The function (r) represents the local fugacity and includes the mean-field potential energy such that (r)ϭexp͕͓ϪU(r) Ϫ2vñ (r)͔/k B T͖, where is the chemical potential, v ϭ4aប 2 the interaction strength of atoms in proportional to the s-wave scattering length a, and ñ (r) the number density of atoms. The step function in Eq. ͑1͒ eliminates the momentum state whose kinetic energy exceeds the effective potential depth Ã (r)ϭ⑀ t ϪU(r)Ϫ2vñ (r), where ⑀ t is the truncation energy of a magnetic trapping potential. The number density of atoms ñ (r) and the internal energy density ẽ (r) are evaluated through the truncated distribution function in a self-consistent way
Thus both ñ (r) and ẽ (r) are the complicated functions of T, , ⑀ t , U(r), and a. The spatial integrations of these density functions give us the total number of atoms, Ñ ϭ͐ñ (r)dr, and the total internal energy, Ẽ ϭ͐ẽ (r)dr. After the BEC transition, the number density in the condensed region is given by the sum of a condensate n 0 (r) and saturated noncondensed atoms ñ n such that ñ (r)ϭn 0 (r)ϩñ n . The condensate n 0 (r) is approximated by the Thomas-Fermi distribution and ñ n is evaluated from the truncated BoseEinstein distribution function on the condition that the local fugacity becomes unity, i.e., (r)ϭ1. During the cooling process, trapped atoms are removed from the potential by both evaporation and undesirable collisions. The change rates of the total number of atoms Ñ and the total internal energy Ẽ are thus calculated as the sum of the contributions of all processes ͓27͔ dÑ dt
The ṅ ev (r) and ė ev (r) denote the evaporation rates of density functions derived from a general collision integral of a Bose gas system. In Eqs. ͑4͒ and ͑5͒, we adopt the opposite sign of the notations of these evaporation rates, which were defined in our previous paper ͓24͔. Parameters G 1 , G 2 , and G 3 are the decay rate constants of trapped atoms due to the background gas collisions, dipolar relaxation, and three-body recombination, respectively. The function K s (r) represents the correlation function, which describes the sth order coherence of trapped atoms, and we use the expressions of K s for an ideal Bose gas system ͓18 -20͔. The terms proportional to the change rate of truncation energy ⑀ t ϭd⑀ t /dt give the contribution of extra atoms that ''spill over'' when ⑀ t decreases continuously in forced evaporative cooling ͓16,27͔. The time-evolution was calculated numerically by assuming that the system always stays in a quasithermal equilibrium state and is described by the truncated Bose-Einstein distribution function. This quick rethermalization approximation is appropriate for the slow evaporative cooling normally adopted in BEC experiments ͓13,24͔.
III. NUMERICAL RESULTS AND DISCUSSIONS
In this section, we show the numerical results of the timeevolution calculations of evaporative cooling corresponding to the several cases of experimental conditions. To carry out the quantitative calculations, we employed the relevant parameters corresponding to the experimental setup at Gakushuin University ͓28͔. 
A. Dependence on the initial number of trapped atoms
Considering that the initial temperature is strongly restricted by the limit of the laser cooling done before evaporative cooling ͓30͔, we first carried out the time-evolution calculations for several initial numbers of atoms with the initial temperature fixed. Under the typical initial temperature of T i ϭ380 K ͓28͔, we varied the initial total number of atoms from N i ϭ1.5ϫ10 8 to 3ϫ10 9 and investigated how the final number of condensed atoms depends on these values.
Figures 1͑a͒ and 1͑b͒, respectively, show the timeevolution of the total number of atoms Ñ and temperature T for several initial conditions of evaporative cooling. We can see that both Ñ and T decrease almost exponentially over time. Furthermore, in Fig. 1͑a͒ , four of the curves from the solid line to the dash-dotted line corresponding to
8 -3ϫ10 9 merge into one, which means ten times more initial atoms are completely lost during the 30-s cooling. The time-evolution of temperature in Fig. 1͑b͒ also shows the same feature. The final results of exponentialsweep evaporative cooling become insensitive to the initial number of atoms when cooling starts from more than 3 ϫ10 8 atoms. Figure 2 shows the dependence of the time evolution of the number of condensed atoms N 0 on the initial number of trapped atoms N i . For N i ϭ3ϫ10
8 -3ϫ10 9 , we finally obtain the same N 0 value of 8.3ϫ10
4 with the same condensate fraction of N 0 /Ñ ϭ51% after 30-s evaporative cooling, even though the BEC transition occurs at a different time. This implies that, when we apply exponential-sweep evaporative cooling, even a one-order change of the initial total number of trapped atoms does not affect the final number of condensed atoms. Since N i ϭ(3 -5)ϫ10 8 is normally achieved in current BEC experiments with 87 Rb, it is concluded that the final number of condensed atoms can be well stabilized against the fluctuations of the initial number of atoms in the experiments.
Here we show the results of the cooling trajectory through phase space and provide clear information about the efficiencies of present exponential-sweep cooling. In a nonuniform gas system, the phase-space density is evaluated at the peak position as ϭñ (0) 3 , where ϭh/ͱ2mk B T is the thermal de Broglie wavelength with atomic mass m. In Fig. 3 , we plot the cooling trajectories of the present evaporative cooling in the Ñ -plane.
At the early stage of cooling, all trajectories are well separated according to the initial conditions and evaporative cooling works efficiently. However, as the system approaches the quantum degenerate region where the phasespace density exceeds the critical value of c ϭ2.612, three of the trajectories from the solid line to the dashed line bend toward horizontal around the respective turning points indicated by the symbols, showing the cooling efficiency drasti- 8 , the system cannot reach the BEC transition point and condensed atoms are not produced.
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063601-3 cally decreases there. As expected from the results in Fig. 1 , three of the trajectories merge and finally coincide with the dash-dotted line corresponding to N i ϭ3ϫ10 8 . On the other hand, when N i р2ϫ10 8 , the final results after 30-s evaporative cooling strongly depend on the initial number of atoms. The system can not reach the BEC transition point if the cooling is started from N i ϭ1.5ϫ10 8 . Next, we show the loss rates of trapped atoms during evaporative cooling and discuss the origin of the inefficiency of cooling. As described in Eq. ͑4͒, the change rates of the total number of atoms decompose into five contributions: the evaporation rate Ṅ ev , spill rate Ṅ spill , loss rates due to background gas collision Ṅ 1 , two-body dipolar relaxation Ṅ 2 , and three-body recombination Ṅ 3 .
In Fig. 4 , we plot the time evolution of these rates for N i ϭ3ϫ10 9 ,1ϫ10 9 , and 5ϫ10 8 . The results for Ṅ 1 are not shown here since this rate is given by G 1 Ñ and evaluated straightforwardly from Fig. 1͑a͒ . The symbols in the figures correspond to the same points plotted on the cooling trajectories in Fig. 3 and indicate the time where the efficiency of evaporative cooling is drastically reduced. We see that both Ṅ ev and Ṅ spill ͓31͔ decrease exponentially over time, while Ṅ 2 and Ṅ 3 have peak structures around the symbol on each curve. The peak value of Ṅ 3 is about five times larger than that of Ṅ 2 and three-body recombination is the dominant loss mechanism for 87 Rb atoms. By comparing Fig. 4͑a͒ with 4͑d͒, it is also found that the symbol on each curve indicates the time when the three-body loss rate exceeds the evaporation rate. At the final stage of the present exponential-sweep cooling, we understand that the cooling speed becomes so low that the three-body loss crucially reduces the cooling FIG. 4. Time evolution of ͑a͒ evaporation rate Ṅ ev , ͑b͒ spill rate Ṅ spill , ͑c͒ loss rate due to two-body dipolar relaxation Ṅ 2 , and ͑d͒ loss rate due to three-body recombination Ṅ 3 . We use the same lines as in Fig. 1 efficiency. A stabilization of the final number of condensed atoms is therefore realized by the combination of slow cooling and large three-body loss.
From another viewpoint, the present result also suggests that the exponential-sweep of rf-frequency is seriously inefficient when we try to make a larger condensate. We have thought so far that the improvement of the initial conditions results in more condensed atoms even in exponential-sweep evaporative cooling. However, it is clear in Fig. 2 that a ten-fold increase of the initial number of trapped atoms does not improve the achievable number of condensed atoms. In order to obtain a larger number of condensed atoms, we have to carry out the evaporative cooling quickly at the final stage, where the system approaches the quantum degenerate region with high density, as has been demonstrated quite recently by optimizing the cooling trajectories ͓15,17,27͔.
B. Dependence on the initial temperature
In BEC experiments, evaporative cooling is normally employed after laser cooling ͓6,30͔. The atoms are transfered from a magneto-optical trap ͑MOT͒ in laser cooling into a magnetic trap in evaporative cooling. The misalignment between these two traps easily causes the fluctuations of initial temperature for succeeding evaporative cooling process. Thus, we next carried out the time-evolution calculations of evaporative cooling for several initial temperatures with the initial number of trapped atoms fixed. We assumed that 5ϫ10 5 atoms are initially loaded into the magnetic trap before evaporative cooling ͑i.e., 5ϫ10 5 atoms exist in the magnetic trap without truncation͒. The initial temperature was then varied from T i ϭ280 to 630 K, and we investigated how this variance of initial temperature, as well as that of the initial number of atoms, is stabilized by a three-body loss.
Figures 5͑a͒ and 5͑b͒, respectively, show the timeevolution of the total number of atoms Ñ and the temperature T for several initial conditions of evaporative cooling. Both Ñ and T decrease almost exponentially over time. In Fig.  5͑a͒ , the small difference of Ñ at tϭ0 originates from the difference of truncation-parameter value ϭ⑀ t /(k B T i ) for each initial temperature with the same truncation energy ⑀ t . We can see that Ñ curves and T curves for the initial temperatures, i.e., from 280 to 580 K, finally merge into one. The variance of initial temperatures finally vanishes after 30-s exponential evaporative cooling as similarly in Fig. 1 .
In Fig. 6 , we plot the growth of condensate at the final stage of cooling. For T i ϭ280-580 K, the final number of condensed atoms at tϭ30 s takes almost the same value N 0 ϭ8.3ϫ10 4 , even though the BEC transition occurs at different times according to the initial temperatures. We will obtain the same number of condensate for a wide range of initial temperatures. When T i exceeds 580 K, on the other hand, the final value of N 0 decreases with increasing T i . It is concluded that the number of condensed atoms is sufficiently stabilized against a large variance of initial temperatures too (300 K in the present calculation͒. We also verified that this stabilization is caused by a combination of large threebody loss and slow evaporation at the final stage of the cooling process, which is exactly the same mechanism as discussed in the previous subsection.
C. Dependence on the bias field of a magnetic trap
In BEC experiments, the magnetic trap is usually driven with a large current of the order of 100 A. The current noise causes the fluctuations and drifts of the bias field B 0 in a magnetic trap, which is the important limitation to the stable production of condensates. For example, Ref. ͓20͔ reported that the dirift of B 0 should be suppressed to less than 3 mG to obtain a good accuracy for the number of condensed at- oms produced experimentally. Here we study the dependence of condensate growth on the bias field of a magnetic trap. The time-evolution calculations of 30-s evaporative cooling were carried out for several values of B 0 ranging from 1.56 to 1.614 G, under the initial conditions of N i ϭ5ϫ10 8 and T i ϭ380 K. Since we used the same exponential sweepingfunction of rf-field frequency rf (t), the time dependence of a truncation energy ⑀ t (t) was equivalent in these calculations. Therefore, at any time during evaporative cooling, a larger bias field corresponds to a smaller depth of a truncated trapping potential. Figure 7 shows the time evolution of the number of condensed atoms N 0 for the several values of bias field. The condensate growth curves strongly depend on B 0 values as has been expected. With larger bias field, the BEC transition occurs earlier and the curve shows a peak structure. A condensate gradually decays due to three-body loss since slow evaporation at the last stage of cooling cannot preserve the large number of condensed atoms. On the other hand, with smaller bias field, 30-s evaporative cooling is completed before the condensate grows sufficiently. In Fig. 8 , we plot the bias field dependence of the final number of condensed atoms N 0F . It is found that N 0F is the convex function of B 0 and the stationary point exists around B 0 ϭ1.585 G. When B 0 is set at this value, we can expect that the final number of condensed atoms is stabilized against fluctuations of bias field within about 10 mG. Note that this stabilization is also achieved by a large three-body loss.
IV. CONCLUSION
On the basis of the quantum kinetic theory of a Bose gas, we have theoretically studied the dynamics of evaporative cooling with magnetically trapped 87 Rb atoms. The timeevolutional calculations were carried out quantitatively for the conventional exponential-sweep cooling, which is known to be inefficient against a three-body recombination loss. We precisely examined the dependence of a condensate growth on the experimental parameters, such as the initial number of atoms, the initial temperature, and the bias field of a magnetic trap. It was shown that three-body recombination drastically depletes the trapped atoms as the system approaches the quantum degenerate region and the number of condensed atoms finally becomes insensitive to these experimental parameters. The final number of condensed atoms is well stabilized by a large nonlinear three-body loss against fluctuations of experimental conditions. We can choose the manner of evaporative cooling according to the aim of BEC experiments; a conventional exponential-sweep cooling if we want a stable production of condensates or an optimized one with the rapid sweep of rf-frequency at the final stage of cooling procedure if we want to maximize the number of condensed atoms ͓27͔. 
